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Abstract. Coincidence invariants generalize either the classical Lefschetz num- 
ber, and apply in extremely limited examples, or are bordism invariants that 
apply generally but are difficult to compute. 

In this paper we compare these alternatives using traces in bicategories. 
This approach suggests further generalizations of the classical approach and 
significantly simplifies the proofs of previously known comparison results. 

1. Introduction 

A coincidence point for a pair of maps /, g : M — >■ N is a point x of M such 
that f(x) = g(x). Coincidence points are an easy generalization of fixed points and 
there is a corresponding generalization of the Lefschetz fixed point theorem. 

Theorem 1.1. [16] Suppose M and N are closed, smooth, orientable manifolds of 
the same dimension and f,g: M — > N are continuous maps. If f and g have no 
coincidence points then 




L(f,g):=> >l) 4 tr -n[N] -n[M] 1 = <>• 

# dim W-«nv; 

The vertical maps are the Poincare duality isomorphism. There is also a converse 
to this result where L(f,g) is replaced by a generalization of the Nielsen number, 

m 

The hypotheses of this theorem are extremely restrictive, and it is clear that they 
cannot be relaxed without significant changes to the invariant. One possibility is 
the bordism approach used in [321 021 HH [15] . 

Theorem 1.2. [T3J Theorem A] Maps f,g: M — > N determine a vector bundle £ 
over the twisted loop space 

A f ' 9 N := {0,7) 6 M X i\r J |/(x) = j(0),g(x) = 7 (1)} 

and an element x{fi9) i n the framed bordism group f2dim(M)-dim(Ar)(A-^ 9 -/V, £). If 
f and g are coincidence free, x{f> d) * s trivial. 

If dim(M) + 3 < 2dim(A^) 7 / and g are homotopic to coincidence free maps if 
and only if x(/> 9) * s trivial. 
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In this paper we will show the invariants in these theorems are closely related. We 
will use the symmetric monoidal and bicategorical traces of [6l [19j [22] to extend the 
classical fixed point invariant comparison results to coincidences and produce topo- 
logical invariants that are very similar to the algebraic invariant in lThcorcm l.ll 

There is a change in perspective that is an important part of these compar- 
isons. We usually think of the classical Lefschetz number as an integer and the 
Reidemeister trace as an element of the free abelian group on the set of fixed point 
classes, but these invariants also admit descriptions as elements of stable homotopy 
groups. In the case of fixed points, the relevant stable homotopy groups happen 
to be isomorphic to the simpler groups used in the classical approach. For some 
coincidences these comparisons fail and the classical descriptions of the fixed point 
invariants do not generalize easily. However, the homotopy theoretic descriptions 
generalize easily in all cases. 

These homotopy theoretic descriptions can be difficult to define and to com- 
pare to previously defined invariants. Surprisingly, the bicategory of parameterized 
spectra provides a way to avoid many of these challenges. We make significant use 
of it here. It also simplifies some of the homotopy theory in |19j and is extremely 
useful in [21] . 

Remark 1.3. A parameterized space over a space B is a space E along with maps 
a: B — >• E, the section, andp: E —> B, the projection, such that poa is the identity 
map of B. A map of parameterized spaces preserves both section and projection. 

There is an external smash product for parameterized spaces. If E is a parame- 
terized space over B and E' is a parameterized space over B' the external smash 
product is a parameterized space over B x B' and the fiber over (b, b') is the smash 
product of the fiber of E over b and the fiber of E' over b'. HE and E' are both 
parameterized spaces over B, there is also an internal product. This is formed by 
taking the external smash product, pulling back along the diagonal map of B and 
then quotienting out the section. This produces a based topological space. 

To notate these products we follow [TS] ■ If E is a parameterized space over AxB 
we regard it as a space over A on the left and a space over B on the right. If E' is 
a parameterized spaced over B x C, E E' is the space over A x C given by first 
taking the external smash product of E and E' and then internalizing B. If E is a 
parameterized space over B, we regard it as a space over B on the right. If we want 
to regard it as a space over B on the left we write E. Then if E' is a space over 
B, E E' is the internal product of E and E' and E' E is the external smash 
product of E' and E. 

For a manifold M , S\ 4 := M II M where the projection is the identity map on 
each factor and the section in the inclusion into the first factor. If M embeds in a 
space Q, S" MCQ is the fiberwise one point compactification of the normal bundle of 
this embedding. This is a parameterized space over M, the projection is induced 
by the projection map for the bundle and the section is the section at infinity. If 
/ : M — > N is a continuous map 

f S := {(x,7) <= M x N I \f{x) = 7 (0)} II (M x N) 

and is regarded as a space over M x N using the map (x,j) h4 (1,7(1)) and the 
identity map. The spaces Sf and fS g are similar. 

For more information about parameterized homotopy theory see |18j . 
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2. Coincidence Indices 

The starting point for the approach to coincidence points in [8j [9] [TSJ [T3l US 
H3I |2"31 [21] is the observation that the coincidence points of maps /, g : M —> N are 
the intersection of the diagonal in N with the image of the product 

/ x g : M -> N x N. 

So instead of focusing specihcally on coincidence points, we will hrst consider in- 
tersections of submanifolds more generally. Let Q be a submanifold of a manifold 
P and f:M — > P be a continuous map. One simple way to homotopically measure 
the intersection of Q and the image of / is to consider the composite of / with the 
Thorn collapse for the normal bundle of Q in P 

(2.1) M — ^-3- P ^7Vq c p . 

If Q and the image of / are disjoint, this composite is homotopically trivial. In fact, 
it is homotopically trivial if / is homotopic to a map g whose image is disjoint from 
Q. This composite will give the comparison between the invariants in Theorems 
OandO 

First we need another description of the stable homotopy class of this map. Let 
{ — , — } denote stable homotopy classes of maps. 

Theorem 2.2. [U El [17] If M is a closed smooth manifold that embeds in M. m+P , 
there is an isomorphism 

{X A M+, Y} = {X A S m+P , Y A Tv M } 

for based spaces X and Y . 

Here vm denotes the normal bundle for the embedding of M in IR m+p and Tvm is 
the Thorn space for that bundle. The theorem above is Spanier-Whitehead duality 
and the isomorphism is induced by the composite 

r] : S m+ P ^ Tvm ^ M+ A Tv M 

of the Thorn collapse of the embedding of M in R m+P and the Thorn diagonal. 

Definition 2.3. The intersection index of / and Q is the Spanier-Whitehead dual 
of the composite in 12.11 

The intersection index is a refinement of the classical Lefschetz number for fixed 
points. To recover more familiar and computationally tractable invariants for co- 
incidence points we need to simplify the intersection index. We will simplify by 
composing with another map. A first example to consider is when both M and N 
have trivial normal bundles. In this case, there is a stable map 

(2.4) t?: Tis AGNxN ATv M -> S n+P 

given by trivializing the bundles and then projecting. Composing this map with the 
intersection index defines the coincidence index of / and g relative to i?, i$(f,g). 
Note that the Spanier-Whitehead dual of the map in 12.41 is a stable map 

6: S m A Tv A(lNxN ->• S n A M+ 

and so the coincidence index is the symmetric monoidal trace [5] [TT] [3D] of the 
composite 

id A (/X n) I) 

S m A M+ -±LJ's m A TvacNxn — S n A M+ . 
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Requiring trivial normal bundles is a much more restrictive hypothesis than 
necessary. A simple alternative is to assume the manifolds are orientable as in 
ITheorem 1.11 Let fc* be a homology theory and suppose M and N are fc*-orientable. 
If k is the associated spectrum, there are Thorn isomorphisms, [HI 20.5.8], 

k A Tv M = k A T, P M+ and k A Tv AcNxN ^ k A T, n N+. 

The projection map for N and the Thorn collapse for an embedding of M in R m +P 
define a stable map 

6: kAS m+p ATi/acWxw fc A S fp+ ™ A M + . 



k A S m+p+n A N + k A S m+p+n k A S n A 7V M 

and the k^-index of / and g is the symmetric monoidal trace of the composite 

k A S m A M+ k A S m A Tv AcNxN k A S n A M+. 

This uses the generalization of the symmetric monoidal trace defined in [20j and is 
a stable map k A S m — )• k A S n . It induces a map 

k(S m ) ^k{S n ). 

When there is no ambiguity, this map will also be called the k^-index of / and g. 
The Thorn isomorphisms also define isomorphisms 

~k*{Tv M ) = k(Z p M+) and k(Ti' AcNxN ) fc*(S"iV + ). 

Following standard terminology, k^-Lefschetz number of / and g is the trace of the 
composite 

(2.5) f -^k(N+) k+ q - P (M + ) 



K +q {Tv N ) ^ k* +q (Tv M ) 

(Note that Poincare duality is the composite of Spanier- Whitehead duality and the 
Thorn isomorphism so this agrees with the invariant in ITheorem 1.11 ) 

Theorem 2.6. If fc„ has a Kiinneth isomorphism the k*-Lefschetz number and 
k^-index coincide. 

Proof. A diagram chase shows the trace of the composite 

K{S m A M+) — h{Tv AcNxN ) — -i K{S n A M+) 

is the trace of of the composite in 12.51 

If M + is dualizable and fc* satisfies a Kiinneth isomorphism, then k*(M + ) is 
also dualizable. The result then follows from the independence of the symmetric 
monoidal trace from the choice of dual pair, [6j[20]. □ 

There is no dimension condition in the theorem, but if k* is rational homology 
and the dimensions of M and N are not the same both the index and the Lefschetz 
number are trivial. This is the first of many examples that show the limitations of 
the purely algebraic techniques. 
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This approach is compatible with the local coincidence index, [251 12S]. After 
replacing / and g by homotopic maps we may assume the coincidence points are a 
submanifold of M. Let X be a component of coincidence points and U be a tubular 
neighborhood of X containing no other coincidence points. The composite below 
generalizes the coincidence index. 

M *~Tl>xcM TlSAcNxN 

(U, U\X) (N x N, N x N \ A) 

The first map is the Thorn collapse for the inclusion of X in M. The mapping cone 
on the inclusion of U \ X into U is denoted (U,U \ X) and the vertical maps are 
comparisons of homotopy cofibers and quotients and are equivalences in this case. 
The dual of the composite is a map 

S m +P ^Tu AcNxN ATv M 

and if M and N are fc*-orientable the composite with 9 above defines the k^-index 
of / and g at X. (Note that this does not depend on the choice of U.) 

If the dimensions of M and N are the same we may assume that the coincidence 
points are isolated and the discussion above defines a homomorphism 

h(s m ) -> MS" 1 ) 

for each open set U of M. 

Proposition 2.7. If the dimensions of M and N are the equal the H*(~;Q)-index 
is the invariant defined in [26j . 

Proof. This follows from the axiomatization in [261 Theorem 5] . The normalization 
axiom follows from IThcorcm 2.61 above. The additivity follows from a factoring of 
the index and the homotopy axiom is automatic. □ 

The orientability hypothesis above is much more restrictive than necessary. All 
that is needed to produce a theorem like IThcorcm 1.11 is a stable map 

9 : Tv Q(ZP A K -> L A M+ 

for spaces K and L. (Using Spanier- Whitehead duality this is equivalent to a map 
Tvq^p A M-f A K ~ > L.) The intersection index of /: M — > P and Q relative to 9 
is the symmetric monoidal trace of the composite 

id A f Aid 0AiH 

K A M + A Tv M K A Tv QcP A Tv M L A M+ A Tv M 

and it is clear that the index of / and Q is trivial if the image of / and Q do not 
intersect. There is also a corresponding Lefschetz number. It is defined to be the 
symmetric monoidal trace |20j of the composite 

H,{K) ® H*{M) H,(K) <g> H*(Tv QcP ) ff*(L) ® H*(M) 

Functoriality of the symmetric monoidal trace implies the following result. 

Theorem 2.8. The map induced on homology by the intersections index of f and 
Q relative to 9 is the same as the Lefschetz number relative to if* (9) . 
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This is consistent with the invariants defined in [TO] EH El] and provides alterna- 
tive proofs for the main comparison results of those papers. In |10| Theorem 3.1], 
the choices of homology and cohomology classes determine a choice of the map 9 
as above. The situation is similar in [23, Theorem 2.3] and [24], Theorem 6.1]. The 
primary difference is that the dualizability assumption is placed on N rather than 
M. 

3. The fiberwise Thom collapse 

The invariants considered in the previous section generalize the classical Lef- 
schetz number and fixed point index. For generalizations of the Nielsen number 
and Reidemeister trace we need to replace the classical Thom collapse by a fiber- 
wise Thom collapse. There are several descriptions of the fiberwise Thom collapse, 
we will start with the version used in |12) . 

Returning to the example of a manifold P with a submanifold Q and a continuous 
map f:M — > P, the fiberwise unreduced mapping cylinder Cp(P,P \ Q) of the 
inclusion P \ Q — > P is the homotopy pushout of the inclusions 

P\Q ^P 

P. 

There is an obvious fiberwise inclusion S P := P II P —> Cp(P, P\Q). 
A map / : M P defines a commutative diagram 

co I , qO 
M — f -^P 

and so defines a fiberwise map S®,j — > S P © Sf. Composing with the inclusion 
above, we have a fiberwise map 

(3.1) S° M ^C P (P,P\Q)QS f 

generalizing the composite in 12.11 

Theorem 3.2. [H Theorem 3.4] //dim(M) + 2 dim(Q) + 3 < 2dim(P), the fiber- 
wise stable homotopy class of the composite in \3.1\ is trivial if and only if there is a 
map g: M — > P, homotopic to f , such that the image of g and Q are disjoint. 

In the case of coincidences of /, g : M m —> N n this result becomes the following 
statement. 

Corollary 3.3. If m + 3 < 2n, the stable homotopy class of the composite 

S°m S°nxn © S fxg ^ C NxN (N xN,NxN\A)Q S fxg 

is trivial if and only if there are maps f , g' : M — > N homotopic to f and g respec- 
tively, such that f and g' have no coincidences. 

This description is difficult to compare directly with classical fixed and coinci- 
dence point invariants. To simplify these comparisons we will modify results in |12j 
to use fiberwise rather than equivariant homotopy and follow the notation of [18]. 
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Proposition 3.4. 12, 5.1] There is a fiberwise equivalence 

C P (P,P\Q)^S^ P tQ S. 

We postpone the proof of this proposition until the end of the section, but it is 
not difficult to describe the composite 

V>: S° P ^ C P (P,P\Q) ^ S^ p & iQ S. 

Let 4> be a diffeomorphism from a tubular neighborhood T of Q in P to the normal 
bundle vqcp of Q in P. Define a map 

(3.5) t-.VQtp^P 1 

by t(v)(s) = -1 (su). If a is the section of S U ^ CP i Q S, ip is defined by 

w . {(£),*)) «r 

This is the homotopy Pontryagin- Thorn collapse in [3j §6] and [4] 11.12]. Collapsing 
the sections and forgetting these were spaces over P, we obtain a map equivalent 
to the classical Thorn collapse. 

As with indices, it is useful to replace this map by its dual. The relevant notion 
of duality here is Costenoble-Waner duality. 

Theorem 3.6. [HI 18.6.1]// M is a closed smooth manifold that embeds in M. m+P , 
there is a natural isomorphism 

{X S° M , Y} AxM = {X A S m+P ,YQ S^'} Ax * 

for all parameterized spaces X over Ax* and Y over A x M . 

This isomorphism is induced by the classical Thorn collapse map for an embed- 
ding M -> M m+P , 

S ,n+p Tvm = S° m QS^' 

Definition 3.7. The intersection Reidemeister trace of / and Q is the Costenoble- 
Waner dual of the composite in 13.11 

In the remaining sections we consider special cases of this invariant for fixed 
points and coincidences points. We will show how to recover and then extend 
classical invariants using this approach. 

Proof of \Proposition 3J^ The disk bundle and sphere bundle of vqcp can be re- 
garded as spaces over P by inclusion and over Q using the bundle structure. The 
first will be denoted by VQ(zP,i, the second vqcp- 
The equivalence is the composite, 

C P {P,P\Q) C Q (D(u Qc p),S(u QcP ))Q iQ S^S^@ iQ S 



Cp(D(v Qc p^), S(v QcP j)) Cp(iQ\D(uQ C p), iQ\S(v Qc p)) 
The last two equivalences are described in [THl 18.4.4, 18.4.5]. 
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For the first equivalence, note Cp(P,P \ Q) and Cp(D(vQ(zp,i), S(i>QcP,i)) are 
homotopy pushouts. Since the square 

S(v QC P,i) P \ Q 



D{v Q cP,i) P 

is also a homotopy pushout, the inclusion of Cp(D(h i Q C p i i) 1 S(vQ C p.i)) in Cp(P, P\ 
Q) is an equivalence. 

For the second equivalence recall iQ\D(vQcp) i s the homotopy pull back of the 
bottom right portion in the diagram below. 




D(vq<zp)^^Q c ^P 

The outside of the diagram commutes up to homotopy and so induces a fiberwise 
map from D(isq c p^). This induced map is a hbcrwisc homotopy equivalence. 
The case for the sphere bundle is similar. □ 

4. Fixed points 

The intersection Reidemeister trace agrees with the classical Reidemeister trace 
for fixed points. To see this, we will first compare the intersection Reidemeister 
trace with a trace in the bicategory of parameterized spectra. 

Theorem 4.1. There is a map 

e: 5" ACMXM i& S r , S^' -> (A f M) + A S m+P . 

and the image of the intersection Reidemeister trace under this map is the bicate- 
gorical trace of 

f:S M ^ S M S f . 

In this section this theorem primarily serves as a transition between the inter- 
section Reidemeister trace and more classical fixed point invariants, however this 
description of the Reidemeister trace as a trace in the bicategory of spectra seems 
likely to have significant advantages. See, for example, |21) . 

Proof. We start by recalling the evaluation map for the dual pair (Sj^, S VM ) in p~8j 
18.8]. For a (small enough) tubular neighborhood U of the diagonal in M x M 
there is a map s: U — > M 1 such that s(x,y)(0) = x and s(x,y)(l) = y. Taking the 
derivative of s at defines a map 

r: U -> t M - 

The evaluation takes a normal vector v based at m and a point m! in M to the pair 
(s(m, m'), v + r(m, m')). Similarly define a map 

e: S° M (DS f OS^> ^ (A f M)+ A S m+P 
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by (v, 7, to) i— > (73(2, m), v + t(x, to)) where v is a normal vector based at x. This 
is the shadow, [19], applied to the bicategorical evaluation of S" M and S M . 
The neighborhood U can also be used to define the map in 13.51 giving 

ti x t 2 : U (M x M) 1 = M 1 x M 1 

satisfying {t\ x i 2 )(a;, y)(0) = (x,y) and ti(x,y)(l) = t2(x,y)(l). Note that £/ can 
be chosen so that s is homotopic to t% tj.. 

A point in S u * cMxM Q i & Sr f ®S VM outside of the section is a triple (v, (71,72), w) 
where v is a normal vector to M based at a point x, w is a normal vector to the 
diagonal inMxM based at a point (y, y) and 71 and 72 are paths in M satisfying 

71 (0) = /(x), 72 (0) = x, and 71 (1) = V = 72(1). 

Define a map 

^acmxm q q <^ ^ (At'M)+ A S m+P 

by (v, (71,72), iu) H> (7 2 _1 7i,w + (7iii(w))*r(w)) where (7iti(w))*r(u;) is the trans- 
lation of t(w) along the path jiti(w). 

Then the diagram below commutes up to homotopy. 

S° M S^ T ^£^ d S'^cMxAf Q t&Srf Q s^, (AfM) + A S m+ P 

/Aid 

S° M &S f (D S"« 

□ 

To complete the comparison to the classical Reidemeister trace we will replace 
fiberwise homotopy theory with equivariant homotopy theory. This is similar to 
the technique used in [T2] , 

Recall that the set of components of A? M is isomorphic to the set of /*- 
semiconjugacy classes of tt\M . 

Corollary 4.2. The image of the intersection Reidemeister trace under the iso- 
morphism 

tt s (A'M + ) £ TaMM)/,}}) 
is the classical Reidemeister trace of f . 

Proof. Let M be the universal cover of M and let p : M->Mbe the usual quotient 
map. Then M + m '■= M II M is a parameterized space over M with projection 
p II id. Let T M v M be M+m S^- 

If A Wi m is the usual smash product followed by the quotient by the diagonal 
action there is a map 

S° M ®S™ A niM T £l v M 

which takes (to, v) to (to, to, v) where to is any point in M such that p{fh) = to. 
There is a similar map 

S° M QSfQS^^M + A niM (ttiM/J A^m T m v m 
where (iriM)f t is 7TiM as a left 7TiM-set and has the usual right action twisted by 
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Then the diagram below commutes and compares the traces. 



gm+p 




Sir S v * 



/Aid 



S° M (DSf& S v " 



(A f M)+ A S m+P 



M+ A niM T & v M +- M+ A^m (ttiM/J A WlM T a v m 4- S m +P A(((7nM)/)) + 

See [IH1 3.1.3] for the definitions of the maps in the bottom composite. In [T9l 
Proposition 3.2.3], the classical Reidemeister trace was identified with this compos- 
ite. □ 

Corollary 4.3. The image of the intersection Reidemeister trace under the map 
induced by the map A* M — > * is the fixed point index. 

Proof. This follows from an argument very similar to that in the corollary above. 
In this case the vertical maps are given by collapsing the sections of the fiberwise 
spaces. 



gm+p 



s° m &s»m 



/©id 



M+ A Tu M ■ 



/Aid 



M+ A Tu M 



(A'M )+ A S m+P 



gm+p 



See [B] for the definitions of the maps in the bottom composite. 



□ 



Note that the invariants here are all defined using topological techniques, but 
they can be identified with algebraic invariants either using classical techniques 
[21 QTJ or the approach in [19] . 

Remark 4.4. Coincidences of a map 

f:BxF^F 

and the projection TT2 : B x F — >• F are pairs (b,x) £ B x F where /(&, x) = x. The 
index, Lefschetz number, and Reidemeister trace for these coincidences are very 
similar to the classical fixed point invariants. 

These coincidences are detected by the symmetric monoidal trace of /, which, 
as above, is called the index. The usual functoriality arguments [SJ I20j show that 
the map induced on homology by the index of / agrees with the trace of 

/*: H*(B)®H*(F) -> H*(F). 

(This is a slight modification of the traditional trace. See {20 .) This index agrees 
with the fiberwise index in [5]. 

The intersection Reidemeister trace applies to these coincidences and is a fiber- 
wise stable map 

S° B ^ac FxF0 i& S„ lXf QS^ 

Exactly as in the classical case, there is a map 
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and the image of the Reidemeister trace of / is the bicategorical trace of the induced 
map 

Sb X F-*$0S/. 

This agrees with the fiberwise Reidemeister trace in [19] . 



5. Coincidence invariants for orientable manifolds 

Invariants for coincidences is similar, but not identical. As above, we start with 
a comparison. 

Proposition 5.1. If M and N are A;*- orientable there is a map 

s^cnxn l& s fxg ©S^Ai^ A f ' 9 N+ A S p+n A k. 

This map is similar to the map $ in \2A\ but because of the asymmetry in 
Costenoble-Waner duality it does not seem to admit a dual form like that used in 
ITheorcm 2.61 This suggests that there may be problems producing an algebraic 
Reidemeister trace for coincidences like that for fixed points in [TTj . 

Proof. The Thorn isomorphism, jTHJ 20.5.8], gives equivalences 

S VM /\k = S p M Ak and S" AOT « A k = S% A k. 
These define a map 

s »±c»xn q , & 5 /X9 0S^ Ak^S% l ^S fxg &S p I Ak. 
Away from the section, elements of i & Sf Xg are triples (771,71,72) such that 

/(m) = 7i(0),5(m) = 72(0) and 71(1) = 72(1), 
and so composition defines a map 

S^Q iA S fxg 0S^^A f ' 9 N + . a 
The Reidemeister trace of / and g is the composite 

S m+P A k S p+n A A^ iV + A k 



-~ (fxo)OidAid 

S° M S"m a k — ^ s-^cMxiv l& S fxg S v " A k 

Corollary 5.2. The image of the Reidemeister trace under the map induced by the 
constant map A^' 9 N — > * is the index of f and g. 

Proof. The proof is very similar to the proof of |Corollary 4.2| In the commutative 
diagram below the first two vertical maps are given by quoticnting out the section. 



gm+p 



* eo 




SI, S"« 



(/xg)0id 



(/xg)Aid 

M + A Tv M Tis AcNxN A Tv M ■ 



(A f ' g N)+ A S p+r 



S p+n 



(The fc's have been suppressed for readability.) 



□ 



12 



KATE PONTO 



There is also a local description of the Reidemeister trace. After replacing / 
and g by homotopic maps, we may assume that the set of coincidences points is 
a submanifold of M. If X is a component of this submanifold and U is a tubular 
neighborhood of X in M that contains no other coincidence points consider the 
composite 

S° M S M {M, M \ X) 5-ac«x« Q . A s fxg 

S M (U, U \ X) S NxN (N xN,NxN\A)Q S fxg 

Here U and X are regarded as spaces over M by inclusion. The left vertical map 
is an equivalence since the diagram of inclusions 

U\X M\X 



U s- M 

is a homotopy pushout. The Spanier- Whitehead dual of the composite above is a 
map 

S rn+p ^ ^AciVxJV q i& S fxg S^> 

If M and N are fc»-orientable, this defines a map 

k{S m+p ) -> k(S p+n A (A f ' 9 N)+), 

the k^-index of X, that is independent of U. 

If the dimensions of M and N are the same, the ; Q)-index has an interpre- 
tation using indices and coincidence classes. We may assume that the coincidence 
points are isolated, so for each coincidence point x there an open set U contain- 
ing x and containing no other fixed points. Then the argument above defines a 
homomorphism 

ff*(S°;Q)^-#*(A^iV + ;Q) 

and so defines an element c x "/x of Qno(A^ 9 N). The path ^y x is the constant path 
at f(x) — g(x) and c x is the coincidence index of x. 

Corollary 5.3. If the dimensions of M and N are the same, the Reidemeister 
trace defined here is the same as the invariant defined in [27] . 

Proof. This follows from the axiomatization of the local Reidemeister trace in |27l 
Theorem 4] . □ 
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